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Origin of CP violation for leptogenesis in seesaw
Pei-Hong Gu∗
Department of Physics and Astronomy, Shanghai Jiao Tong University, 800 Dongchuan Road, Shanghai 200240, China
We reveal the origin of the CP violation required by the leptogenesis in variously popular seesaw
models. Especially we clarify that in a pure type-I/III seesaw with two fermion singlets/triplets,
a combined type-I+III seesaw with one fermion singlet and one fermion triplet, or a combined
type-I/III+II seesaw with one fermion singlet/triplet and one Higgs triplet, the CP violation for the
leptogenesis can exactly come from the imaginary part of the neutrino mass matrix in a special basis
where the Yukawa couplings involving one fermion singlet/triplet are allowed to get rid of any CP
phases. We also generalize our findings as a very good approximation when these seesaw scenarios
are extended by more fermion singlets/triplets and Higgs triplets while the leptogenesis is realized
by the decays of the lightest fermion singlet/triplet.
PACS numbers: 98.80.Cq, 14.60.Pq
Introduction: The atmospheric, solar, accelerator and
reactor neutrino experiments have established the phe-
nomena of neutrino oscillations [1]. This requires a mix-
ing among three flavors of massive neutrinos and hence
a necessity for new physics beyond the standard model
(SM). Meanwhile, the cosmological observations have in-
dicated that the neutrino masses should be in a sub-eV
range [1]. In order to naturally explain the smallness of
the neutrino masses, we can resort to the famous see-
saw mechanism [2–5]. The essential feature of the seesaw
mechanism is that the neutrino masses can be highly sup-
pressed by a small ratio of the electroweak scale over a
newly high scale. Currently, the most popular seesaw
models include the so-called type-I [2–5], type-II [6–10]
and type-III [11] seesaw. The type-I/III seesaw is real-
ized by introducing some fermion singlets/triplets with a
heavy Majorana mass term as well as the Yukawa cou-
plings to the SM lepton and Higgs doublets. As for the
type-II seesaw, it contains some heavy Higgs triplets with
the Yukawa couplings to the SM lepton doublets as well
as the cubic couplings to the SM Higgs doublet.
Remarkably, these seesaw models can also accommo-
date a leptogenesis [12–21] mechanism to solve the puz-
zle of the cosmic matter-antimatter asymmetry, which is
equivalent to a baryon asymmetry. In this seesaw and
leptogenesis scenario, the neutrino mass and the baryon
asymmetry can be simultaneously induced by certain in-
teractions involving the newly heavy particles. However,
such seesaw models contain many free parameters. This
leads to a conventional wisdom that the corresponding
leptogenesis cannot give a distinct relation between the
baryon asymmetry and the neutrino mass matrix unless
we do some assumptions on the texture of the relevant
masses and couplings. For example, ones can expect
a successful leptogenesis in the canonical type-I seesaw
model even if the neutrino mass matrix does not contain
any CP phases [22].
In this work we shall reveal that in a pure type-
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I/III seesaw with two fermion singlets/triplets, a com-
bined type-I+III seesaw with one fermion singlet and one
fermion triplet, or a combined type-I/III+II seesaw with
one fermion singlet/triplet and one Higgs triplet, the CP
violation required by the leptogenesis exactly originates
from the imaginary part of the neutrino mass matrix.
This is because for a special basis, the Yukawa couplings
involving one of the two fermion singlets/triplets or the
unique Higgs triplet are always allowed to absorb all of
the physical CP phases in the lepton sector. We shall
also clarify that in the seesaw models with more fermion
singlets/triplets and Higgs triplets, the imaginary part
of the neutrino matrix approximately is the source of the
CP violation for the leptogenesis by the decays of the
lightest fermion singlet/triplet.
The type-I/II/III seesaw models: For simplicity, we do
not write down the full SM Lagrangian. Instead, we only
show the part of the lepton sector, i.e.
LSM ⊃
∑
α
[
il¯LαD/ lLα + ie¯RαD/ eRα − yα
(
l¯Lαφ˜eRα
+H.c.)] , (1)
where φ, lLα and eRα (α = e, µ, τ) respectively stand for
the Higgs scalar, the left-handed leptons and the right-
handed leptons, i.e.
φ(1, 2,− 12 ) =
[
φ0
φ−
]
, lLα(1, 2,− 12 ) =
[
νLα
eLα
]
,
eRα(1, 1,−1) . (2)
Here and thereafter the brackets following the fields
describe the transformations under the SM SU(3)c ×
SU(2)L × U(1)Y gauge groups. Note we have taken the
Yukawa couplings in Eq. (1) to be real and diagonal
without loss of generality and for convenience.
We then review the most general type-I/II/III seesaw
2[2–11],
LI =
∑
i
[
iN¯Ri∂/NRi −
1
2
MNi
(
N¯RiN
c
Ri +H.c.
)
−
∑
α
(
gαil¯LαiφNRi +H.c.
)]
, (3a)
LII =
∑
i
{
Tr
[(
Dµ∆i
)†
(Dµ∆i)
]
−M2∆iTr
(
∆†i∆i
)
−1
2
µi
(
φ†∆iiτ2φ
∗ +H.c.
)− (quartic terms)
−
∑
αβ
(
1
2
fαβil¯Lα∆iiτ2l
c
Lβ +H.c.
)
 , (3b)
LIII =
∑
i
{
iTr
(
T¯LiD/TLi
)
−1
2
MTi
[
Tr
(
T¯ cLiiτ2TLiiτ2
)
+H.c.
]
−
∑
α
(√
2 hαil¯Lαiτ2T
c
Liiτ2φ+H.c.
)}
, (3c)
where NRi, ∆i and TLi (i = 1, ..., n ≥ 1) respectively
denote the fermion singlet(s), the Higgs triplet(s) and
the fermion triplet(s), i.e.
NRi(1, 1, 0) , (4a)
∆i(1, 3,−1) =
[
δ−i /
√
2 δ0i
δ−−i −δ−i /
√
2
]
, (4b)
TLi(1, 3, 0) =
[
T 0Li/
√
2 T+Li
T−Li −T 0Li/
√
2
]
. (4c)
In the above Lagrangians, the CP phases only ex-
ist in the Yukawa couplings involving the fermion sin-
glet(s)/triplet(s) and the Higgs triplet(s). This can be
always achieved by a proper phase rotation.
It is easy to see that in a type-I/III, type-I+III or type-
I/III+II seesaw extension of the SM, the Yukawa cou-
plings involving one fermion singlet/triplet can be fur-
ther chosen to be real. In other words, all of the CP
phases in the lepton sector can be included in the Yukawa
couplings of the other fermion singlet(s)/triplet(s) to the
lepton and Higgs doublets, and/or the Yukawa couplings
of the Higgs triplet(s) to the lepton doublets. For the
following demonstration, we conveniently assign
gα1 ≡ g∗α1 or hα1 ≡ h∗α1 . (5)
Actually, the above assignment can be understood by the
phase rotation as below,
X g → g or X h→ h
with X = diag{eiβ1 , eiβ2 , eiβ3} . (6)
The neutrino mass matrix and its CP phases: When
the Higgs scalar φ develops its VEV 〈φ〉 = 〈φ0〉 = v ≃
174GeV to spontaneously break the electroweak symme-
try, the left-handed neutrinos νL can acquire a tiny Ma-
jorana mass term by integrating out the heavy fermion
singlet(s)/triplet(s) and/or Higgs triplet(s), i.e.
L ⊃ −1
2
ν¯Lmνν
c
L +H.c. with
mν = m
I
ν +m
II
ν +m
III
ν = X U mˆU
T XT . (7)
Here the mass matricesm
I/II/III
ν are the type-I/II/III see-
saw [2–11],
(
mIν
)
αβ
= −
∑
i
gαigβi
v2
MNi
, (8a)
(
mIIν
)
αβ
= −
∑
i
fαβi
µiv
2
2M2∆i
, (8b)
(
mIIIν
)
αβ
= −
∑
i
hαihβi
v2
MTi
, (8c)
the diagonal matrix mˆ gives three neutrino mass eigen-
values,
mˆ = diag {m1 , m2 , m3} , (9)
while the PMNS matrix U determines the mixing among
three neutrino flavors [1],
U =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

× diag{eiα1/2 , eiα2/2 , 1} . (10)
Clearly the neutrino mass matrix mν is allowed to con- tain three physical CP phases: two Majorana phases α1,2
3and one Dirac phase δ. The physical CP phases α1,2
and δ as well as the unphysical CP phases β1,2,3 can
appear if and only if there are some complex Yukawa
couplings in the seesaw formula (8). By inserting the as-
signment (5) into the seesaw formula (8), we conclude in
the pure type-I/III seesaw, the combined type-I+III see-
saw or the combined type-I/III+II seesaw, one fermion
singlet/triplet will never contribute to the imaginary part
of the neutrino mass matrix, i.e.
• in the type-I seesaw,
Im
[
(mν)αβ
]
= −Im

∑
i6=1
gαigβi
v2
MNi

 , (11)
• in the type-III seesaw,
Im
[
(mν)αβ
]
= −Im

∑
i6=1
hαihβi
v2
MTi

 , (12)
• in the type-I+III seesaw,
Im
[
(mν)αβ
]
= −Im

∑
i6=1
gαigβi
v2
MNi
+
∑
j
hαjhβj
v2
MTj

 ,
or Im
[
(mν)αβ
]
= −Im

∑
i
gαigβi
v2
MNi
+
∑
j 6=1
hαjhβj
v2
MTj

 , (13)
• in the type-I+II seesaw,
Im
[
(mν)αβ
]
= −Im

∑
i6=1
gαigβi
v2
MNi
+
∑
j
fαβj
µjv
2
2M2∆j

 , (14)
• in the type-III+II seesaw,
Im
[
(mν)αβ
]
= −Im

∑
i6=1
hαihβi
v2
MTi
+
∑
j
fαβj
µjv
2
2M2∆j

 . (15)
The CP violation for leptogenesis: Either the fermion
singlet(s)/triplet(s) or the Higgs triplet(s) or both can
decay to generate a lepton asymmetry as long as the CP
is not conserved. This lepton asymmetry then can par-
tially get converted to a baryon asymmetry through the
sphaleron processes [23]. Specifically, the final baryon
asymmetry can be described by [24]
ηB = csph
∑
i κNiεNi +
∑
j κ∆jε∆jr∆j +
∑
k κTkεTkrTk
g∗
.
(16)
Here csph = − 2879 [25] is the sphaleron lepton-to-baryon
coefficient, g∗ = 106.75 [24] is the relativistic degrees of
freedom during the leptogenesis epoch, κNi/∆i/Ti . 1
denote the washout factors and their exact numbers are
solved by the related Boltzmann equations, r∆i/Ti =
3 appear for the triplets, while εNi/∆i/Ti are the CP
asymmetries in the decays of the fermion singlet Ni =
NRi + (NRi)
c = N ci , the Higgs triplet pair (∆i, ∆
∗
i )
and the fermion triplet Ti = (T
−
i , T
0
i , T
+
i ) with T
0
i =
T 0Li + (T
0
Li)
c = (T 0i )
c and T±i = T
±
Li + (T
∓
Li)
c = (T∓i )
c.
The CP asymmetries εNi/∆i/Ti well characterize the CP
violation required by the leptogenesis and they are eval-
uated at one-loop level [12–21],
εNi =
1
8pi
∑
αβ Im
{
g∗αig
∗
βi
[∑
j 6=i gαjgβjI
Nj
Ni
+
∑
k fαβk
µk
2M
Ni
I∆kNi +
∑
l hαlhβlI
Tl
Ni
]}
∑
α g
∗
αigαi
, (17)
ε∆i =
1
8pi
∑
αβ Im
{
f∗αβi
µi
M
∆i
[
gαjgβj
∑
j I
Nj
∆i
+
∑
k 6=i fαβk
µk
M
∆i
I∆k∆i +
∑
l hαlhβlI
Tl
Ni
]}
∑
αβ f
∗
αβifαβi +
µ2
i
M2
∆i
, (18)
εTi =
1
8pi
∑
αβ Im
{
h∗αih
∗
βi
[
gαjgβj
∑
j I
Nj
Ni
+
∑
k fαβk
µk
2M
Ti
I∆kNi +
∑
l 6=i hαlhβlI
Tl
Ni
]}
∑
α h
∗
αihαi
, (19)
4where the functions I
Fj
Fi
, I
∆j
Fi
, I
∆j
∆i
and I
Fj
∆i
(Fi = Ni/Ti)
are calculated by
I
Fj
Fi
≡ IFjFi
[
M2Fi
M2Fj
]
with
I
Fj
Fi
[x]=
√
x
1− x +
1√
x
[
−1 +
(
1 +
1
x
)
ln(1 + x)
]
,
I
∆j
Fi
≡ I∆jFi
[
M2Fi
M2∆j
]
with
I
∆j
Fi
[x] =3
[
1− 1
x
ln (1 + x)
]
,
I
∆j
∆i
≡ I∆j∆i
[
M2∆i
M2∆j
]
with I
∆j
∆i
[x] =
2x
1− x ,
I
Fj
∆i
≡ IFj∆i
[
M2∆i
M2Fj
]
with I
Fj
∆i
[x] =
2√
x
ln (1 + x) . (20)
We find the CP violation εNi/∆i/Ti can have an exact
or approximate dependence on the imaginary part of the
neutrino mass matrix in some cases. Actually we read
• in the type-I seesaw with two fermion singlets,
εN1 =
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
MN2I
N2
N1
v2
∑
α g
2
α1
, (21a)
εN2 = −
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
MN1I
N1
N2
v2
∑
α g
∗
α2gα2
,(21b)
• in the type-III seesaw with two fermion triplets,
εT1 =
1
8pi
∑
αβ hα1hβ1Im
[
(mν)αβ
]
∑
α h
2
α1
MT2I
T2
T1
v2
, (22a)
εT2 = −
1
8pi
∑
αβ hα1hβ1Im
[
(mν)αβ
]
∑
α h
∗
α2hα2
MT1I
T1
T2
v2
,(22b)
• in the type-I+III seesaw with one fermion singlet
and one fermion triplet,
εN1 =
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
MT1I
T1
N1
v2
∑
α g
2
α1
, (23a)
εT1 = −
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
MN1I
N1
T1
v2
∑
α h
∗
α1hα1
,(23b)
• in the type-I+II seesaw with one fermion singlet
and one Higgs triplet,
εN1 =
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
M∆1I
∆1
N1
v2
∑
α g
2
α1
, (24a)
ε∆1 = −
1
8pi
∑
αβ gα1gβ1Im
[
(mν)αβ
]
MN1I
N1
∆1
v2
(∑
αβ f
∗
αβ1fαβ1 +
µ2
1
M2
∆1
) ,(24b)
• in the type-III+II seesaw with one fermion triplet
and one Higgs triplet,
εT1 =
1
8pi
∑
αβ hα1hβ1Im
[
(mν)αβ
]
M∆1I
∆1
T1
v2
∑
α h
2
α1
, (25a)
ε∆1 = −
1
8pi
∑
αβ hα1hβ1Im
[
(mν)αβ
]
MT1I
T1
∆1
v2
(∑
αβ f
∗
αβ1fαβ1 +
µ2
1
M2
∆1
) .(25b)
When the above special seesaw models are extended by
more fermion singlet(s)/triplet(s) and Higgs triplet(s), we
can expect a leptogensis by the decays of the lightest
fermion singlet/triplet. In this case, we can denote the
lightest fermion singlet/triplet by N1/T1 and then con-
sider the assignment (5) in Eqs. (17) and (19). The CP
violation then can be simplified as
εN1 =
3
16pi
∑
αβ
{
gα1gβ1Im
[
(mν)αβ
]}
MN1
v2
∑
α g
2
α1
or
εT1 =
3
16pi
∑
αβ
{
hα1hβ1Im
[
(mν)αβ
]}
MT1
v2
∑
α h
2
α1
, (26)
which is easy to give us an upper bound [26, 27].
Ones may be interested in the so-called Davidson-
Ibarra parametrization [22], under which the Yukawa
couplings g/h in the pure type-I/III seesaw are deter-
mined by
gαi = i
∑
j
Uαj
√
mjOji
√
MNi/v or
hαi = i
∑
j
Uαj
√
mjOji
√
MTi/v , (27)
with O being an arbitrary complex orthogonal matrix.
Ones hence conclude that in the presence of the complex
orthogonal matrix O, the Yukawa couplings g/h can be
complex even if the PMNS matrix U does not contain
5irrelevant to the PMNS matrix, i.e.
εN1 = −
3
16pi
Im
{∑
j 6=1
(∑
k O
∗
k1Okjmk
)2}
MN1
v2
∑
k |Ok1|2mk
or
εT1 = −
3
16pi
Im
{∑
j 6=1
(∑
k O
∗
k1Okjmk
)2}
MT1
v2
∑
k |Ok1|2mk
. (28)
Under our assignment (5), the CP asymmetry (26) de-
pends on a complex diagonal matrixX besides the PMNS
matrix U , see Eqs. (6) and (7). Clearly, our X matrix is
very simple, compared with the O matrix.
Conclusion: In this work we have revealed the origin
of the CP violation for the leptogenesis in the most pop-
ular seesaw models. Specifically, we find that in a pure
type-I/III seesaw with two fermion singlets/triplets, a
combined type-I+III seesaw with one fermion singlet and
one fermion triplet, or a combined type-I/III+II seesaw
with one fermion singlet/triplet and one Higgs triplet,
the Yukawa couplings involving one of the two fermion
singlets/triplets or the unique Higgs triplet are always al-
lowed to absorb all of the physical CP phases in the lep-
ton sector. In this basis, the CP violation required by the
leptogenesis should exactly come from the imaginary part
of the neutrino matrix. We also consider a generalization
in the case that these seesaw scenarios are extended by
more fermion singlets/triplets and Higgs triplets while
the leptogenesis is realized by the decays of the light-
est fermion singlet/triplet. This generalization is a very
good approximation and is reliable even in the radiative
type-I/III and type-I+III seesaw [28, 29] where an in-
ert Higgs doublet, rather than the SM Higgs doublet, is
responsible for the Yukawa couplings of the fermion sin-
glet(s)/triplet(s) to the SM lepton doublets.
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